Pathways for enhancing the thermoelectric performance of bismuth at low temperatures are explored. These include applying an external magnetic field and nanostructuring. We present a theory describing the anisotropic thermoelectric properties of bismuth in terms of carrier effective masses, scattering, and band-structure characteristics obtained from experiment. It is found that the magnetic field or nanostructuring, when applied separately, can lead to significant improvements in the thermoelectric figure of merit. However, despite their beneficial yet different effects on the transport, it is shown that applying simultaneously a magnetic field and nanostructuring is not a feasible way of improving the thermoelectric performance of bismuth.
I. INTRODUCTION
Thermoelectric (TE) materials have potential applications in power generation from waste heat and environmentally friendly refrigeration. 1 The efficiency of TE-based devices is evaluated in terms of the TE figure of merit ZT = S 2 σ T /κ, where S is the Seebeck coefficient, σ is the electrical conductivity, κ = κ c + κ ph is the thermal conductivity composed of its carrier (κ c ) and phonon contributions (κ ph ), and T is the absolute temperature. Because high-efficiency devices require high ZT , persistent efforts to improve the figure of merit values continue. Tremendous progress has been made in developing experimental techniques for the synthesis of new materials with enhanced TE properties. The possibility to manipulate the charge carrier and phonon transport properties independently at the nanoscale has proven to be a promising path to increase the Seebeck coefficient and reduce the thermal conductivity. 2 Consequently, significant enhancement in the figure of merit has been achieved in granular nanocomposites and bulk matrices with incorporated nanoparticles. 3, 4 Relatively inexpensive physical and chemical methods 5, 6 have also attracted much attention in regard to further TE improvements in practical applications.
From all TE systems that have been of interest, Bi and Bi x Sb 1−x alloys are particularly important. They have the highest ZT at low temperatures, making them the ultimate candidates for cryogenic thermoelectric refrigeration. Earlier work was devoted to transport measurements of these materials properties in bulk and polycrystals. [7] [8] [9] More contemporary experimental and theoretical efforts have been directed toward enhancing ZT in Bi nanostructures, such as nanowires and films. 10, 11 It has also been shown that externally applied magnetic fields can significantly enhance the Seebeck coefficient, suggesting a different path for improving ZT . 12 Bi and Bi x Sb 1−x systems have been studied for many years now, and they still continue to be a great source for new scientific discoveries. Quite interestingly, experiments have shown that Bi has an enormous Nernst coefficient as compared to other materials. The Nernst coefficient is also oscillatory as a function of magnetic field in the quantum limit. 13, 14 In addition, Bi x Sb 1−x alloys have recently been predicted to be strong topological insulators, characterized by gapless surface states. 15 Although researchers have investigated the effects of magnetic fields in Bi in the past, 12 it is peculiar that there are no systematic studies, experimental or theoretical, of all the transport properties entering ZT with carrier and phonon characteristics obtained from experiment for a single sample. Bi nanostructures, such as nanowires and thin films, have also been investigated. [16] [17] [18] These studies show that the TE performance is improved due to the reduced thermal conductivity from phonon boundary scattering, and an external magnetic field can further enhance the transport as compared to bulk. Utilizing nanostructuring in composites is a fairly recent trend, but systematic measurements of bulk Bi incorporating nanoparticles or granular systems are lacking. In this context, the search for TE enhancement led us to pose the following question: Can we explore pathways based on nanostructuring and applying external magnetic fields to obtain enhanced TE properties in bulk Bi?
Elemental Bi is a semimetal with low carrier concentration and anisotropic energy band structure. The charge carrier transport is governed by electrons and holes with highly different effective masses. Applying an external magnetic field induces an admixture between the transport characteristics in different directions. At the same time, nanostructuring can enhance carrier and phonon scattering, and may lead to shortening either the electronic or hole mean free paths. Here, we present a theory that shows the intricate relationship between the complicated band structure and the magnitude and direction of an external magnetic field, and the presence of nanostructures in the bulk. Our studies are based on experimentally measured carrier and phonon properties. They illustrate some unexpected transport functionalities, which can provide guidelines for potential advantages and limitations of TE enhancement in Bi.
II. MODEL
Bi has a rhombohedral crystal structure and an equal number of electrons and holes. Its Fermi surface in the Brillouin zone [ Fig. 1(a) ] has three elongated electron pockets at the L points and a single hole pocket at the T point. 7 The charge and heat transport are determined by the energy band structure [ Fig. 1(b) ], which we describe using the twoband Lax model derived via Brillouin-Wigner perturbation theory,
where m e and m h are the electron and hole effective mass tensors, respectively, m 0 is the free electron mass, and ε g is the gap in the electronic energy spectrum. The electronic and hole characteristics and relevant temperature dependencies are given in Ref. 19 .
The transport in Bi is directly related to the transport distribution tensor
where k is the wave vector, v
e,h (k) =h −1 ∂ε e,h (k)/∂k i are the group velocity components of the carriers and τ e,h (k) are the corresponding relaxation time tensors. Each carrier type property, obtained from the Boltzmann equation within the relaxation time approximation, is calculated via
where μ is the chemical potential, e is the electron charge, and f 0 (ε) is the equilibrium Fermi-Dirac distribution function. The total transport coefficients are
The terms in κ represent the contributions from the electrons, holes, bipolar diffusion, and lattice, respectively. The bipolar term is characteristic of materials with carriers of both signs and arises as a result of electrons and holes moving together in the same direction and transporting energy without carrying any net charge. 20, 21 The lattice thermal conductivity κ L is taken to be a diagonal matrix with components estimated using the Holland-Callaway model: 22, 23 
where τ ph,ii are the total phonon relaxation times along the three principal directions [ Fig. 1(a) ]. The other parameters specific for Bi, such as speed of sound velocity components v 
The first term τ intr represents the bulk intrinsic scattering mechanisms, and we assume that its elements depend on the wave vector only through the energy: τ intr,(e,h) (k) = τ 0,(e,h) τ (ε e,h (k)), with τ 0,(e,h) being constant diagonal matrices. Here, we take that the dominant scattering comes from phonons. Thus, the specific form of the energy dependence, including the effects of nonparabolicity, is given in the framework of the pseudoparabolic model
The second term describes the effect of an external magnetic field.
9 B denotes the antisymmetric tensor representing the magnetic field vector. The third term describes the carrier scattering from nanostructures, which are taken to be of spherical shape with average equal radii R 0 and concentration x dispersed into the Bi bulk. It is assumed that they do not affect the electronic structure of Bi, and the interface between the two materials results in a potential barrier V 0 , which can scatter low-energy charge and phonon carriers. Typical values for the nanoparticle concentration 25, 26 for this dilute limit are x 10%. The relaxation time tensor due to this scattering process is obtained via the Born approximation through the Fermi golden rule with diagonal components 27, 28 τ nano,(e,h),ii (ε) = 8hR
where g e,h (ε) are the carrier density of states (Eq. (1)) and P e,h (ε) = 4k e,h R 0 sin(4k e,h R 0 ) + cos(4k e,h R 0 ) + 32k −1 , where the intrinsic bulk phonon scattering processes τ intr,(ph) are well described by phonon-phonon Umklapp scattering. 21 The phonon scattering from the nanoinclusion interfaces is estimated within the near-geometrical scattering approximation 29 as τ nano,(ph),ii = 2R 0 /3xv
ph .
III. RESULTS
If no magnetic field and nanostructures are present, the TE transport is determined by the intrinsic scattering mechanisms. We use the experimental data for the anisotropic transport properties of Bi single crystals reported by Gallo et al. 21 to determine some of the parameters entering the charge and phonon relaxation times. From the partial Seebeck coefficients reported in Ref. 21 , the temperature-dependent Fermi levels for each type of carrier are determined. Using the electrical resistivities and partial mobility ratios, the relaxation time constants in τ 0,(e,h) are also found. Next, the lattice thermal conductivities κ L are estimated by subtracting the calculated electron and hole contributions from the reported total measured κvalues. This allows us to finally estimate the intrinsic phonon relaxation times τ intr,(ph) . The calculated TE properties are now in excellent agreement with the measurements reported in Ref. 21 and are shown for reference in Figs. 1(c) and 1(d) . One notices that the highest ZT is obtained along the trigonal direction.
Gallo et al. 21 had suggested that if there were one predominant type of carrier in Bi, significant TE improvement could be expected. This should ensure that the Seebeck coefficient would be maximized [Eq. (4b)] and the thermal conductivity [Eq. (4c)] would be reduced, resulting in an overall enhanced ZT . Our calculations show that this can be achieved in two ways: through externally applied magnetic field or nanostructuring.
Applying a magnetic field along a certain direction does not influence the transport along that direction. However, the properties along the other directions become mixed. This is a result from the product between the effective mass m e,h and antisymmetric B tensors [Eq. (6)]. Here, we consider the case of a magnetic field along the bisectrix B = (0,B,0). The transport is determined [Eq. (2) ] by the quantity F = vv · τ , where components along the principal directions are (for simplicity, the subscripts [e,h] are omitted):
Results for the calculated transport properties are shown in Figs. 1(c) and 1(d). It appears that the electrical resistivity increases most significantly for electrons at lower T . This is understood by examining Eq. (8) . The magnetic field introduces admixture to the transport from carriers in different directions contributing with different temperature-dependent masses. This transport balance is affected more when B is stronger. Because of the larger differences in masses for the electrons and holes entering through F = vv · τ and the lesser contribution from carrier-phonon scattering at lower temperatures, the electron resistivity is larger in magnitude in that regime. The magnetic field also increases the absolute values of the partial Seebeck coefficients with minor differences in the total S for the directions shown. One sees that the total S along both directions is positive for the displayed B, in agreement with other theoretical calculations 12 and experimental data. This is explained by noticing that the values of the partial ρ e,h and S e,h are responsible for the change in sign of the total S [Eq. (4b)], indicating that hole carriers determine the transport. Since the holes dominate the transport at lower T , the Seebeck coefficient is positive and not affected significantly by the applied B. As the temperature increases, the electrons become more important. Since S e and S h are of opposite signs, S total decreases for larger T . Surprisingly, ZT along the binary direction shows higher values for B = 0 as compared to ZT along the trigonal direction with B = 0, whereas the performance along the trigonal direction with B = 0 is rather diminished as compared to the B = 0 case. The behavior is a consequence of not only the difference in effective masses for the two carriers, but also of the admixture of the transport characteristics along the two directions, as realized by analyzing the components F 11 and F 33 [Eq. (8) ]. Since m 3,h is much larger than any other effective mass (it is about an order of magnitude larger than any other m i,e or m 1,2,h ), 19 F 11,h > F 33,h forB = 0, and thus ρ 11,h < ρ 33,h . This ultimately leads to an oscillatory-like behavior of ZT as a function of T , with its best TE performance along the binary direction in the temperature range 200 K < T < 250 K [see Figs. 1(c) and 1(d) ].
Next, we consider bulk Bi containing nanostructured spherical inclusions and no magnetic field applied. The TE transport properties can be calculated using Eqs. (1)- (7), and the results for ZT are given in Fig. 2 . The scattering time [Eq. (7)] shows that the changes in the TE transport are interrelated upon the inclusions radii, barrier height, and concentration. An increase in V 0 or decrease in R 0 , for example, can result in similar changes in the TE properties of the composite. One notices that for a certain range of V 0 and T , the TE performance is significantly increased for both the binary and trigonal directions. Our calculations show that the low-energy holes are more efficiently scattered by the inclusions due their larger effective masses, making electrons the predominant charge carriers. Even though the larger increase of ZT relative to bulk is obtained for direction (1) , these values are lower than those for pure bulk along direction (3). The best TE performance is obtained along the trigonal direction. The absolute values of the partial Seebeck coefficients are increased for both directions, as expected due to the additional filtering introduced by the inclusions. Also, the total Seebeck coefficient is increased because of the large difference in the partial electrical resistivities. The values of S are negative for the entire temperature range, thus indicating that electrons are the dominant carriers. The κvalues are further reduced due to the extra reduction in the lattice thermal conductivity caused by the presence of inclusions. Because of the difference in the electronic effective masses for the two directions, the transport along the trigonal axis is much more sensitive to the height of the interface barrier, but not so sensitive to the size of the inclusions, while the transport along the binary axis strongly depends on both V 0 and R 0 . In general, however, it appears that nano-inclusions with smaller dimensions result in better TE performance for both directions.
So far, we have explored two separate pathways for improving the TE performance of Bi, both consisting in selective filtering of one type of carrier. While applying an external magnetic field made holes the predominant carriers, inserting nano-inclusions in the bulk material resulted in electrons determining the TE transport. Our findings show that it is possible to obtain improved TE performance by using both methods separately. The logical question follows: Can we combine both beneficial effects and obtain even further increase in ZT ?
To answer the question, we consider bulk Bi containing nanostructured spherical inclusions and an externally applied magnetic field along direction (2). The results for the ZT dependence on the parameters of the inclusions and the strength of the magnetic field are shown in Fig. 3 at T = 200 K. The ZT values for pure bulk Bi are also shown for reference as horizontal levels. Generally, the TE performance when inclusions and an external magnetic field are present is diminished for both directions as compared with bulk values along direction (3) . Figure 3(a) shows that while ZT appears to have an optimum value for certain potential heights whenB = 0, its values are diminished as compared to the case when only inclusions are present or only B is applied. From  Fig. 3(b) , one sees that in the presence of a magnetic field, as the inclusion size decreases, the TE performance also decreases. Conversely, when the inclusions size is larger, making its effect less significant, the ZT values approach that of the bulk in magnetic field [indicated with horizontal dashed lines in Fig. 3(b) ]. Figure 3 (c) shows that while it is possible to find some optimum values for the magnetic field strength, the ZT values are again diminished in the presence of inclusions.
IV. SUMMARY
We calculated the TE properties for different parameters of the inclusions, magnetic field strengths, and temperatures and found that generally they diminish the overall TE performance. While separately applying an external magnetic field or inserting nano-inclusions results in an improvement of the TE transport, combining both techniques reduces it. Our findings suggest that since the magnetic field filters out most of the electrons, nanostructures scatter the holes. Thus, applying both of these methods simultaneously does not lead to any gain in ZT . It appears that combining these two effects is not a feasible way of improving the TE performance of Bi. A much more effective route to increase the figure of merit would be to use either one of these methods separately.
